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THE SPACE OF CAUCHY-RIEMANN STRUCTURES ON 3-D COMPACT 

CONTACT MANIFOLDS 

J. BLAND AND T. DUCHAMP 

("■^^ Abstract. We study the action of the group of contact diffeomorphisms on CR deformations of 

,_^ compact three-dimensional CR manifolds. Using anisotropic function spaces and an anisotropic 

f~^ structure on the space of contact diffeomorphisms, we establish the existence of local transverse 

^Nj slices to the action of the contact diffeomorphism group in the neighbourhood of a fixed embeddable 

,__( strongly pseudoconvex CR structure. 

cn 

>-' Cauchy-Riemann manifolds arise naturally as the boundary of a bounded domain D C C"^ . In 

U this case, the Cauchy-Riemann structure is simply that reszdtia/ complex structure which is inherited 

r~| from the complex structure on C". Local coordinates for dD are said to be CR (for Cauchy- 

jrt Riemann) if they are the restriction of holomorphic coordinates in C"^^ , and they define a conjugate 

Ch CR tangent space for dD in the same manner that the holomorphic coordinates on C" define a 

I— I conjugate holomorphic tangent space for C""*"^. Intrinsically, one can define the Cauchy-Riemann 

structure on dD by specifying the space of conjugate CR tangent vectors in the same manner as 

^ one defines the complex structure on C"^^ by specifying the conjugate holomorphic tangent space. 

C^ All questions which arise for abstract complex structures on a smooth manifold are equally valid 

^J^ for Cauchy-Riemann manifolds: for example, the embeddability and local embeddability (or the 

i;^ existence of holomorphic (CR) coordinates, or how many structures exist up to equivalence. 

f~^ The significance of generalizing from complex structures on manifolds to studying Cauchy- 

^D Riemann structures can easily be seen from the following considerations. When D \s a. bounded 

^—^ domain in C""*"^, n > 1, then holomorphic functions on D which extend smoothly to dD restrict to 

• • dD as CR functions; on the other hand, a slight generalization of Hartog's phenomenon in several 

. J^ complex variables states that CR functions on dD extend uniquely to D as holomorphic functions; 

^ that is, dD with its Cauchy-Riemann structure completely determines D with its complex struc- 

ture. On the other hand, if we generalize to S a complex analytic space with an isolated singularity 
at p G S, then the boundary of a small neighbourhood of S inherits a smooth Cauchy Riemann 
structure whereas the space S is singular. On the basis of this observation, Kuranishi proposed 
|Ku| to study the deformation space for isolated singularities by studying the deformation space for 
Cauchy-Riemann structures on the boundary of the neighbourhood, a smooth compact manifold. 

A case of particular interest is that in which the domain D is strongly convex (more generally, 
strongly pseudoconvex). In this case, the boundary admits a natural family of positive definite 
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2 J. BLAND AND T. DUCHAMP 

metrics which are adapted to the CR structure, and play much the same role that Kahler metrics 
play in complex geometry. One consequence of particular importance is that when M is compact, 
strongly pseudoconvex and n > 2 (so dimM > 5), then M is embeddable. This is definitely not 
the case when n = 1, and this case has many deep and interesting features which have yet to be 
fully understood. 

In this paper, we fix a smooth compact underlying manifold, and study the space of CR structures 
on the manifold up to equivalence. In particular, we study the local deformation theory for the 
space of CR structures, and the local action of the contact diffeomorphism group on the space of 
such structures. Although for much of the paper we set up the machinery to work in arbitrary 
dimensions, our main interest is in the three dimensional case, and we restrict our attention to this 
case in the latter sections of this paper This was largely a matter of expedience, since in higher 
dimensions integrability factors play a role, and require the introduction of new operators and 
significantly different treatment than in the three dimensional case. 

Most of the results in this paper rely heavily on |BD1| in which we developed the machinery to 
do analysis on contact manifolds using intrinsically defined anisotropic functions spaces. 

The outline of the paper is as follows. In Section 2, we give a quick review of strongly pseudo- 
convex Cauchy-Riemann structures and the relevant deformation theory. In Section 3, we define 
the weighted or anisotropic function spaces in which we will work, and recall the results from |BD1| 
on the space of weighted contact diffeomorphisms which we will need throughout the remainder 
of the paper. The inclusion of these two sections is to fix notation and to help make the paper 
self-contained. In Section 4, we study the action of contact diffeomorphisms on CR structures, 
computing both the linear and the fully nonlinear action; it is also in this section that we introduce 
the notion of complex contact vector fields, and explain their relation to the symmetry group. In 
Section 5, we collect results on homotopy operators for the 9f,-complex on compact CR manifolds 
and adapt them to our particular situation; we also indicate how to split complex contact vector 
fields into real contact vector fields and a transverse vector field. Section 6 contains the main results 
of the paper. In this section, we obtain normal forms for CR structures under the action of the 
group of contact diffeomorphisms with sharp regularity results. This is accomplished in two steps: 
first we obtain a weak normal form with a loss of regularity, and then using a priori estimates 
we recover the lost regularity. It is believed that this approach to studying the action of infinite 
dimensional symmetry groups on underlying structures is new, and may have applications in other 
situations. 

Earlier results in this direction were obtained in |CLj and and [BJ. The main idea in both 
papers was to study the linearized action, and to construct appropriate function spaces in which 
one can solve the linearized equation with good estimates. Since the 9b-operator appears in the 
linearized equation, the anisotropic function spaces appear naturally. In |CLj . they avoided using 
the anisotropic spaces by working in the Nash Moser category; they obtained a transverse slice for 
smooth CR structures. In [B], we restricted our attention to the case of the standard S"^ C C^, 
and used explicit information to construct an anisotropic Hilbert space structure on contact diffeo- 
morphisms near the identity; the description of transverse slices follows easily from the linearized 
analysis. However in [B], the action described for the contact diffeomorphism group was incorrectly 
asserted to be C^ , a necessary condition to apply the inverse function theorem in Banach spaces and 
obtain the transverse slices; a modified action is used in Section [6] of the current paper to correct 
this error. With this modification and the generalization of the weighted function space structure 
for contact diffeomorphisms to arbitrary compact contact manifolds (see |BDlj ). we are now able 
to obtain local transverse slices to the action of the contact diffeomorphism group on the space of 
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CR structures for an arbitrary compact embeddable strongly pseudoconvex three dimensional CR 
structure. 

1.1. Notation. Throughout the paper, M will denote a smooth compact 2n + 1 dimensional man- 
ifold equipped with a fixed contact distribution H C TM and a fixed contact one form rj. As usual, 
TM and T*M denote the tangent and cotangent bundles of M, respectively, A^M denotes the p-th 
exterior power of T*M, illf(M) the space of smooth p-forms on M, CxP the Lie derivative of the 
form (3 with respect to the vector field X, and XA /3 interior evaluation. 



We give M a fixed Riemannian metric g compatible with i] (see Equation (2.1.3) for details), 
and let \X\ denote the norm of the tangent vector X with respect to g, and we let exp : TM — )■ M 
denote the exponential map of the g. 

We let 

TTH : T*M -^ H* 
denote the projection map. The characteristic (or Reeh) vector field T is the unique vector field sat- 
isfying the conditions TJ rj = \ and TJ dr] = 0. We can then identify the dual contact distribution 
with the annihilator of T, i.e. 

H* = {l3e T*M : TJ (3 = 0} C T*M ; 

more generally 

X^H* = {/3 G AP{M) : TJ /3 = 0} , 

and we have the identity 

(1.1.1) 7:h{(3)=TJ {7]Ap). 

We endow M^"^^ with the contact structure defined by the one-form 

n 

i=i 

where (x"^, . . . ,x",a;'^"'"^, . . . , x^"',x^""^"'^) are the standard coordinates on R^"+-'^, and we let dV^ 
denote the standard volume form: 

dVo = -.m A (d%)" . 

We denote the contact distribution of rjQ by Hq C TM^"''""'^ and we set 

Observe that the collection {Xj^ 1 < i < 2n} is a global framing for Hq. Note also that the 1-forms 

rio,dx^, dx"'^\ 1 < j < n, 
are the dual coframe to Tq, Xj, Xn+j, 1 < J < n. 

Let / = (Z^,...,/™') be a smooth, M^-valued function defined on the closure of a domain 

X f^[^n^i2---XiJ fort>0 
\/ fort = 0, 

where we have introduced the multi-index notation / = (ii,...,zt), 1 < ij < 2n and Xif = 
{Xjf^, . . . , Xjf"^). (For t = 0, I denotes the empty index I = ().) The integer t is called the order 
of / and written 1/1. 
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Remark 1.1.2. We will often have to work in local coordinates adapted to the contact structure 
on M. An adapted coordinate chart for M is a chart cj) : U ^- M^"+^ for which rj = 4)*r]Q. It follows 
that ^*T = To and (p-^H = Hq. An adapted atlas consists of the following data: a fixed finite open 
cover Vi g 1/^, i = 1,2, ... ,m and an atlas {cpi : Ui — ;■ ]R^"+-^}, consisting of adapted coordinate 
charts. We set Di = (piiVi). By compactness of M and Darbourx's Theorem for contact structures 
|Arnl page 362], M has an adapted atlas. We shall fix once and for all an adapted atlas and a 
partition of unity pi a partition of unity subordinate to {V^}. 

If J-" : ^ — )• ;B is a map between Banach spaces, with norms || • ||_4 and || • H^, respectively, then 
the expression 

m/)llB^II/IU 
means that there is a constant C > such that ||J^(/)||b < C||/||^ for all f £ A. 

2. CR STRUCTURES 

2.1. Deformation theory of CR structures. We begin with a quick review of the deformation 
theory of CR structures as presented in the paper of Akahori, Garfield, and Lee |AGLj . See also 
|BD21 Section 16], where the special case of the deformation theory of S"^""*"^ is studied using a 
similar framework. 

Definition 2.1.1. Let M be a 2n + l dimensional manifold. A (rank n) Cauchy-Riemann structure 
(CR-structure) on M is a rank n complex subbundle -ff(i,o) C TcM of the complexified tangent 
bundle of M such that 



(i) /7(i,o)n 77(1,0) = {0}, 

(ii) the integrability condition is satisfied: 

[r-(77(i,o)),r~(77(i,o))]cr-(i7(i,o)). 

The bundle -f7(i,o) is called the holomorphic tangent bundle of the CR-structure. As usual, we 
let -ff(o,i) denote the conjugate bundle -f7(i,o)- The transversality condition (i) implies that Hq = 
^{i,o) © ^(0,1) '^ TcM has complex codimension one. 

Remark 2.1.2. We recall that when n = 1, the bundle HnQ\ is a complex line bundle, and 
condition (ii) is automatic. To see this let Z be section of -f7(i,o) that does not vanish on an open 
set U CM. Then since [Z, Z] = 0, 

[fZ,gZ] = {fZ{g)-gZ{f))Z 

for any two sections, say X = fZ and Y = gZ of -f7(i,o)- 

Two CR-structures -f7(i,o) ^iid HnQ\ are said to be equivalent if there is a diffeomorphism F : 
M ^ M such that F^H^iq-^ = -f7(i,o)- We are only interested in CR-structures up to equivalence. 

Observe that Hq is the complexification of a real codimension one subbundle H C TM consisting 
of vectors of the form X + X, X £ iifn q)- Let rj he a real one-form dual to H. The CR-structure 
HnQ\ is said to be strongly pseudoconvex if —idr]{X,X) > for all non-zero X G -f^(i,o)- ^^ this 
case, rj A (dr^)" is a nowhere vanishing (2n -|- l)-form. In other words, (M, H) is a contact manifold 
and 7/ is a contact one-form. 

The most common examples of CR-structures are those arising from domains in C"^^. Let 
D = {z £ C"^^ : p{z) < 1} be a smoothly bounded domain in C"+^ with connected boundary. 
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where p is a smooth nonnegative function defined on a neighbourhood of D, and dp 7^ on dD. 
The boundary dD is a CR-manifold for which the holomorphic tangent bundle is the intersection 
of the complexified tangent bundle of dD with the holomorphic tangent bundle of C^^\ and if the 
pullback to dD of the one-form idp is a contact form, then it is strongly pseudoconvejijj 

We will assume, henceforth, that M is a contact manifold equipped with a fixed strongly pseudo- 
convex CR-structure ^(1,0) C T^M such that H^ is the complexification of the contact distribution 
of M. We shall refer to this CR-structure as the reference CR-structure on M. 

The reference CR structure determines an endomorphism J : H ^ H satisfying the condition 
J^ = —Id, which in turn defines a Riemannian metric g by the formula 

(2.1.3) g{X, Y) = viXHY) + dr/(X, JY) . 

The metric g is said to be adapted to the CR structure. We let exp : TM — )• M denote the 
exponential map of g. Objects associated to any other CR-structure on M will be decorated 
with hats. Two strongly pseudoconvex CR-structures on M are said to be isotopic if they can be 
connected by a smooth 1-parameter family of strongly pseudoconvex CR-structures. We consider 
only strongly pseudoconvex CR-structures which are isotopic to the reference CR-structure. 

2.2. Representation by Deformation Tensors. Every CR-structure that is isotopic to the 
reference one can be represented by a deformation tensor that takes values in Hnfl)- The proof of 
this fact relies on a theorem of John Gray [G] which states that isotopic contact structures on a 
compact manifold are equivalent. 

Theorem 2.2.1 (Gray). Let r]t be a differentiable family of contact forms on a compact 2n + 1 
dimensional manifold M . Then there is a differentiable family of diffeomorphisms Ft : M ^ M 
and a family of non-vanishing functions pt such that 

Ft* {lit) =ptr]o- 

Corollary 2.2.2. Every strongly pseudoconvex CR-structure on M that is isotopic to the reference 
one is CR-equivalent to one of the form Hn.o) where 

(2.2.3) %i)={X-0(X) : XGH^o,!)} 

and (j) : -ff(o,i) ~^ -^(1,0) ^-^ «' niap of complex vector bundles, called the deformation tensor for Hn^y 

Proof. The fact that the CR-structure is equivalent to one satisfying the inclusion relation -ff(o,i) C 
Hq follows immediately from Gray's theorem. Thus, there is a family HrQi\{t), t £ [0,1], joining 
H{o,i) to Hf^Qiy For t small, it is clear that there are bundle maps (j){t) such that iJ(o,i)(0 is the 
graph of —(p{t). The integrability conditions for CR-structures imply that (/)(t) satisfies certain 
symmetry properties, and when combined with the transversality condition they imply an a priori 
bound on the size of <?!)(t), from which the result follows. 

We explain in brief. Choose a local basis Za for -ff(i,o)) ^^^ l^t iri[Za, Zs] = —idr]{Za, Zg) = h^s 
define the Levi formP Then integrability implies in particular that ir][Za — (p^Z^, Z^ — (f)lZj] = 0. 
Since r][Za, Z^\ = r/[Z^, Z-^ = 0, it follows that ir/[-0^Za, Z^]+ir][Zp, -(j)]Z^] = (j^Jh^^-cp'^h^g = 0; 



The fact that D is bounded forces the Levi form to be positive at some point on dD, hence by the non-degeneracy 
of dri everywhere on the connected manifold dD. 

o 

Here, and for the remainder of this section, we employ the Einstein summation conventions, with Greek indices 
ranging from 1 to n, and the conventions for raising and lowering indices by contraction with the hermitian form h^g 
and its inverse, with (jPgh^s = (ftps . 
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this is the symmetry condition (flh ^ = ^''sh^g. It follows that the operator <po cp : -f^(i,o) ~^ -^(1,0) 
has non-negative eigenvalues since 

ir][{(l) o 4>)Za, Zp] = {4)0 (j))ihsfi = {4>)Z(j)^^hsp, = h?'^{(l))l3a(t)^fi 

is hermitian positive semi-definite. 

Next note that the transversality condition for CR structures (Definition |2. 1 . l[ ii) ) implies that 
none of the eigenvalues of (pocj) can be equal to one. Indeed, suppose to the contrary that (0)Z<?!'^ — (5^ 
is a degenerate matrix. Then there exists v" such that t'"(i^)o(/>| = v , from which one obtains the 
relation 

v'^iZ^ - i^tz-^) = v'^{^t4Zs - v%4^tz-p = -v^i^t [z-p - <plZs) ; 
that is, the transversality condition is violated for the subspace H/i^Q\{t) and its conjugate. 

Since (j)0(j) is isotopic to the zero map by assumption, has non-negative eigenvalues, and {(f)0(j) — I) 
is nondegenerate, it follows that the eigenvalues of the operator {(j)o (p) are bounded between and 
1, which implies the norm condition. (See |BD21 page 83] where a similar argument is given.) D 

Remark 2.2.4. The choice to refer to the map : ^(o,i) ~^ ^(i,o) ^-s the deformation tensor 
(rather than the conjugate map) is consistent with the deformation theory for complex structures, 
and has the advantage that (/> may be thought of as a "vector-valued (0,1)— form", thus fitting 
naturally within a 5— complex (or in this case, a Sf,— complex). 



In light of Corollary 2.2.2[ we identify the space of CR structures with the subset of the space 
of HiiQyYahxed (0, l)-forms. Specifically, if w" is a local coframe of H^^'^' with dual frame Za of 



if(i 0) such that 



dr^=-6^^u;^Au:(' 



then the CR deformation tensor can be written as 

(l) = (t)"^J^Za; 

it uniquely determines the space of (0, l)-vectors for its corresponding CR structure as the subspace 
of He annihilated by the one-forms 

w° := w" + c^lJ . 

The space of all smooth deformation tensors is given by 

(2.2.5) Vef = O(0'i)(/f(i,o)) ^ r^ (%,i) ^(1,0)) • 

2.3. The deformation complex. Each deformation of a CR structure can be expressed as a 
i/(i o)"'^^lu6d (O,l)-form. In |Akaj . Akahori studied CR deformations by developing the Hodge 
theory of a certain complex of vector-valued forms. A similar complex was studied in [BD 2j and 
used to show that CR deformations of the standard CR structure on S"^""*"^ can be parameterized 
by complex Hamiltonian vector fields. 

The space of smooth forms of type (0,g), written ^^^''^\M), is the space of sections of the 
bundle A'^ff^'^'^^, where H^^'^' denotes the dual bundle of the complex vector bundle -ff(o,i)- By the 
integrability condition for the CR structure, the exterior differential operator d naturally induces 
an operator 

ab:fi(°'^)(M)^f](°'''+i'(M). 
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Set T(^i^Q^M = TcM/i7(o^i), where T^M = TM (g)R C is the complexified tangent bundle of M, 
and let T^nfi) ■ T^M — )• TriQ\M denote the quotient map. The space of TiiQ\M-valued forms of 
type (0, q) is the space of homomorphisms of complex vector bundles 

f^(0'^)(r(i,o)M) =r- (Homc(A'^/f(o,i)M,r(i,o)M)) . 



By virtue of the integrability condition (Definition 2.1.1 ii)), the operator dh extends to an 



operator on the space of Tn o)-^-valued forms |BlEp[ iBuMij . which by abuse of notation we again 
denote by 8^: 

(2.3.1) 4 : f7(0'5)(r(i,o)M) ^ f7(0'^+i)(r(i,o)M) . 

This operator is characterized by the following properties: 

(2.3.2a) (?6=0; 

(2.3.2b) a5(X)(Z) = 71(1,0) [^,^], 

for X G r?(0'0)(T(i,o)^) = r(r(i,o)^) and Z G r(i7(o,i)M); 

(2.3.2c) 4(a A /3) = (^a) A ^ + {-ly^a A 4/3 , 

for a e f^(°'9i)(Af) and /? G O(0''?2)(r(i,o)^)- 



Remark 2.3.3. The operator defined by equation (2.3.2b) further lifts to an operator 

4:r(rcM)^j7(0'i)(r(i,o)M) 

via the formula 

BhX := db{7r(^i^o)X) . 

In particular, d^X is well-defined in the special case where X is a real vector field. By abuse of 
notation we again denote the lifted operator by db- 

Remark 2.3.4. When {M,r],HnQ\) is embedded, it bounds a strongly pseudoconvex complex 
space S, and there is a natural identification between TnQ\M and the restriction of the holomorphic 
tangent bundle from E. In this case, db is naturally identified with the restriction of the d operator 
to the boundary. 

3. The group of Folland-Stein contact diffeomorphisms 

In the previous section, we showed that every CR structure isotopic to a reference CR structure 
can be represented by a deformation tensor. In Section |4| we study the action the group of contact 
diffeomorphisms on to space of CR structures. In this section, we recall the results from |BD1| that 
we need. Details can be found in |BDlj . 

3.1. Folland-Stein spaces. We begin by recalling the anisotropic function spaces ^^{M) on M, 
introduced by Folland and Stein in [FS], and their generalizations. These spaces are the natural 
ones in which to work in order to obtain sharp estimates for the various operators which will arise. 

Consider an open domain D d M^"+^. The Folland-Stein space F** = T^{D) is the Hilbert space 
completion of the set of smooth functions on D with respect to the inner product 



{f,g)D,s:= V / \Xjf\\Xjg\dV., 



0<\I\<s 
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with associated norm written ||/||d,s = \/{fj /)> where Xj and dV are as in Section 1.1 Let 
T^{D,W^) denote the closure of the smooth M'" valued functions on D with inner product 

m 

for smooth functions / = (/^, . . . , f^) and g = [g^^ , . . . ,g^). 

Let (M, if) be a smooth compact contact manifold, and let {0£ : Ug, — t- M^"^'-'^} be an adapted atlas 
as in Section 1.1 ). A function / : M — t- M is said to be a V^ function if the functions fe = f°4>J 
lie in T'^{Di) for all i. For functions f,g£ r'^(M), we define the inner product 

{f,9)s ■■= '^{pifi,pegi)De,s- 

i 

Similar definitions hold for r^(M,M™), f,g e r''{M,W^). The definition of the function spaces 
is independent of the choice of adapted atlas and the local framings Xj and dV. Although the 
definition of the inner products depend upon the choices involved, different choices lead to equivalent 
norms. 

Let F : M — 7- M be a C^-map from M into a smooth m-dimensional manifold M. Choose an 
adapted atlas {{(pe, Ui,V£)} for M and a smooth atlas {0^ : C/^ — )• M™} for M such that 

F{Ue) C Ue, and Fe{De) C De 

for all £, where F^ = (/)£ o F o (j)J : (f)(^ {Uff) — ;• M™ and -D^ (s (pdUi) is a collection of open domains 
such that {(/}J {Di)} covers M. The map F is said to be a F^ map if Fe restricts to an element 
Fi S T^{D£,W^) for all i. It is not difficult to show that the notion of F'^ map is independent of 
the choice of atlases and that F^ restricts to an element in T^{D) for any open set D CC (pe (Ui)- 

Let F*(M, M) for s > n + 4 denote the topological space of F'^ maps between M and M. The 
restriction s > n + 4 ensures that the maps are C^. More generally, consider a smooth fibre bundle 
TT : P — )■ M, with base a compact contact manifold. The space F*(P) of F** sections of vr is defined 
in the obvious way by choosing an adapted atlas for M such that TT~^{Ui) — )• Ui is trivial for all i 
and requiring the local coordinate representations of sections to be F'' maps from Ue into the fiber 
of vr. (See [BDl] for details.) 

3.2. The smooth manifold of Folland-Stein diflfeomorphisms. Let P^(M) C T%M,M) de- 
note the space of F'* diffeomorphisms of M. We showed in fBDlj that D^{M) is an open subset 
of T^{M,M) for all s > 2n + 4. Let Vl^t{M) C P^(M) denote the subspace of F^ contact diffeo- 
morphisms of M . In |BDlj . we obtained a local coordinate chart for contact diffeomorphisms in a 
neighbourhood of the identity, and we showed that P^q„j(M) is a topological group with respect 
to composition, provided that s > 2n + 4. 

More precisely, let 5 be a metric adapted to the contact structure such as the one constructed 
in the Section [l.l[ The exponential map induces various maps between F* spaces that we need to 
parameterize contact diffeomorphisms. If X is a vector field, we use the notation Fx to denote the 
map 

(3.2.1) Fx :=expoX: M^M. 

Recall that because M is compact, the map Fx is a diffeomorphism for X sufficiently small. 
The following proposition summarizes various smoothness properties of the maps that we need to 
construct our local coordinate charts for contact diffeomorphisms. 
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Proposition 3.2.2. Let V'iTM) denote the space 0/ T^ sections ofTM. For s > (2n + 4), the 

map 

exp : r'(TM) -^ r'{M,M) : X ^ Fx = expoX 

is smooth. Moreover, there is a neighbourhood U C r^"+'*(rM) such that Fx is in V^^M) for all 
X ^W and all s > 2n + 4, where W ■.= Ur\ ^{TM); and the restriction 

exp : W -^ V'{M) 

is a homeomorphism from U^ to a neighbourhood of the identity difjeomorphism. 



In general, the diffeomorphism Fx of Proposition 3.2.2 will not be a contact diffeomorphism. 
However in |BD1| . we showed that the subset of W^ for which it is a contact diffeomorphism is 
smoothly parameterized by the set of contact vector fields in a neighbourhood of the zero section. 
As shown in |BD1) . this implies that the space of F* contact diffeomorphisms is a smooth Hilbert 
manifold. 

We now introduce some notation that will be necessary to express the sharp estimates used later 
in the paper. Choose an adapted atlas (pi : U^ ^ M?"^~^^ for M and a collection of open sets Vg (£ Ui 
covering M as in Section [l.l| and let p£ be a partition of unity subordinate to {Vc}. By compactness 
of M, there is a constant c > such that exp(x, X) G Ui for all x G V^, all X G TM^, with |X| < c, 
and all £. Let X be a C^ vector field with \X\ < a. 

Fix a chart, say (pe, and set U = Ui and V = Ve. To simplify notation, we adopt the Einstein 
summation conventions, letting Roman indices range from 1 to 2n + 1. As explained in [BDlj . by 
the second order Taylor's formula with integral remainder, there exist smooth functions B^Ax,X) 
(locally defined) on TM such that 

(3.2.3) F^ := exp'=(x,X) = x^ + X'' + B^j{x,X)X'X^ . 

A standard computation using Equation ( |3.2.3 ) then yields the following expansion for the pull-back 
of a g-form by Fx- 

Lemma 3.2.4 ( (BD1| ). Let %() be a smooth q-form on M and choose a coordinate patch U = Ui, 
with V = Vi (^ U. Let c > be chosen so that exp(x, X) G U for all x G V and all X G TxM with 
\X\ < c. Then there are (locally defined) smooth fibre bundle maps 

Qlj : BM\y -^ MM\y and Q^ : BM\y -^ A«-^M|^, , 

where BM = {X e TM : |X| < c}, such that for any C^ vector field X : M ^ BM C TM the 
equation 

F^^ = V + Cxi^ + Q}j{X) X'X^ + QliX) A X'dX^ 
is satisfied on all ofV. 

Henceforth, we will use the notation 

(3.2.5) Q^{X) := F*x{^) - ilj - Cxil^ 

to denote the non-linear part of the pull-back F"^^. The lemma states that in local coordinates 

(3.2.6) Q^{X) = Q]j{X) X'X^ + QI{X) A X'dX^ 

where Q\; and Qf, are smooth differential forms on BM\y C TM., which depend on the smooth 
form ij) and on the coordinate chart (pi. Because the maps Q^, are smooth differential forms for 



any smooth g-form ip, and because M is compact, we have the following corollary to Lemma 3.2.4 
which we prove in |BD1| : 
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Lemma 3.2.7. Let ip be a smooth q form. Then the following estimates are satisfied for all 
X € T%TM), s>2n + 6, such that \X\ < c: 

(a) ll^x^lU-2 ^ II^IU-2 + ||/:xV'lls-2 + II^IU-2 II^IU , 

(b) UFxi^) A vWs-i -< 11^ A r]\\s-i + \\CxiJ A ??|U_i + ||X||,_i ||X||, . 

Moreover, the estimate 

\\{Q■^{Xl)-Q^{X2))^rJ\l^l< \\Xi-X2\\s-i{\\Xi\l + \\X2\\s) 

+ \\Xl-X2\\s{\\Xi\\s-l + \\X2\\s-l), 

holds for any two vector fields Xi, i = 1,2 with \Xi\ < c. 

Remark 3.2.9. As shown in |BD1] . for ip a smooth p-forni, the maps X i— )■ F'^il) and X i— )• rjAF^^p 
define smooth maps 

r'{TM) -^ r*-2(APM) , for s > 2n + 6, and T'(TM) -^ r'"^(AP+^M) , for s > 2n + 5. 

RecaU that the condition for the diffeomorphism Fx to be a contact diffeomorphism is the 
vanishing of the one-form F^rj mod rj. Hence by Equation (3.2.5), Fx is a contact diffeomorphism 
if and only if it satisfies the condition 

(3.2.10) CxV + Qvi^) = mod ri . 



Furthermore, by Equation (3.2.6), the hnearization of this condition at the zero vector field is the 
condition 

CxV = mod T] , 
i.e. X is a contact vector field. 

Remark 3.2.11. Using the characteristic vector field T for the contact form rj, we may express 
any vector field X as X = X^T + Xh, where Xh belongs to the contact distribution. Applying 
the Cartan identity 

Cxiv) = XJ drj + d{XJ r]) = X^J dr] + dX^ , 
yields the well known facts that (i) the vector field X is a contact vector field if and only if 

(3.2.12) dX° = -XhJ dr/ mod??; 

and (ii) that X is completely determined by the real-valued function X^ = XJ rj. For this reason 
X J r] is called the generating function for X and is denoted by gx ■ In |BD1] , we proved that there 
is an isomorphism 

K^^tiTM) ^ r+\M) : X^gx:=XAr,. 

The main result of { BDlj is the construction of a smooth parameterization ^ of the space of 
r*-contact diffeomorphisms near the identity diffeomorphism by contact vector fields near the zero 
vector field. The parameterization ^ in turn induces a smooth structure on the space T>^^^^{M) of 
all F^'-contact diffeomorphisms. 

Theorem 3.2.13 f fBPT] ). For all s > 2n + 4, and for U C T'^'^+^{TM) sufficiently small, there is 
a smooth map 

^ : r'^^^tiTM)nU^W C T'{TM) 

such that the following holds: for allY &U D T^{TM), Fy is a contact diffeomorphism if and only 
ifY = "^(X) for some X G Tl^^f.{TM) CiU. Moreover, the map ^ is of the form 

M/(X)=X + i?(X)(X,X), 
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where B : {^'^^^^{TM) nU) x Tl^^^{TM) x T'^^^{TM) -^ T%TM) is smooth and bilinear in the last 
two factors. 

This theorem imphes the following global result: 

Theorem 3.2.14 ( |BDlj ). Let {M^rf) he a compact contact manifold. For s > (2n + 4), the space 
of r* contact diffeomorphisms is a smooth Hilbert manifold. 

We close this section with the a priori estimates for the nonlinear term B{X)(X,X), which we 
proved in |BDlj and which we require in Section pi 

Proposition 3.2.15 ([BDl]). For X e V = ^„^t(TM)nW, 

(a) \\^{X)-X\\s^\\X\\s\\X\U-i. 

Moreover, for all Xi,X2 G V*, 

(b) 11(^(^2) - X2) - (^(Xi) - Xi)|U -< 11x2 - Xi||,_i(||X2|U + ll^ilU) 

+ ||X2-Xi|U||X2||._l + ||Xi||,_i). 

4. The action of the contact diffeomorphism group 
There is a natural action of contact diffeomorphisms on the space of CR deformations: 

iv^UM) X f](0'i)(F(i,o)) ^ f^(°'^H^(i,o)) 
1 (F,0) ^^ = F*<p 



The main result of this section (Proposition 4.1.12) is a formula for F*(j) in the special case where 

F = F^^x)- 

Let -F be a contact diffeomorphism, and let i;^ be a deformation tensor. Let H(o.i) C He = i^(o,i)© 
-f^(i,o) denote the anti-holomorphic tangent bundle of the strongly pseudoconvex CR structure 
associated to (p, and define the pull-back CR structure F*i?(o,i) C Hq to be the CR structure with 
anti-holomorphic subbundle 

F*(^(o,i)) := [Z e He : F,Z e %,i)} . 

It is straightforward to check that if Fi and F2 are two contact diffeomorphisms then the identity 

{F20 F^nH^o,!)) = FUF^H^o,!))) 



holds. By Corollary 2.2.2, if F is isotopic to the identity, then F*HrQi\ is represented by a defor- 
mation tensor, which we call the pull-back CR deformation, denoted by F*(p. 

4.1. Local formulae. We need a local formula for F^,^.(j) that exhibits the non- linear dependence 
on the contact vector field X. It will also prove important to single out terms involving composition 
of the components of the tensor with i*'ij,(x)j we accomplish this by introducing an auxiliary 
contact vector field Y into some formulae. 



Choose an adapted atlas and subordinate partition of unity as in Remark 1.1.2 By smoothness 
of the map X 1— t- F^,tx) and compactness of M, for all sufficiently small X, the condition 
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holds for all L Next let tj^ujI^ujI = w" be a coframing for T^M on C/^, with -f^(o,i) the annihilator 
of r],u}°^. 

For ease of notation, we temporarily suppress the index £ and set F = F^i^x)- Then 

(4.1.1) F*(%i)) = {Z e /7c : ZJ F*(cj" + </.^w^) = 0, fora = l,2,...,n} . 
One sees immediately that 

(4.1.2) F*{uj'' + cP^J) = A'^uj^ + BiJ modry, 
where 

(4.1.3a) A^ = Z^J F*{uj^ + 0^0;^) = {Z^J F*uj'') + (0? o F) {ZpA F*u^) 

(4.1.3b) B1 = Z-pA F*(w" + 0^0;^) = (Z^J F*^") + (</.? o F) (Z^J F*^^) . 

By Lemma 3.2.4, one has the formula 

(4.1.4a) F*w° = c^" + £xc^" + /:(*(x)-X)W^" + Qc.«('f (X)) 

and 

(4.1.4b) F*w° = w^ + C^(x)^'' + Q^^ (^(X)) , 



for one- forms Q^j^ and Q^^a as in Equation (3.2.6) Consequently, 

(4.1.5) F* (w" + 0^0;^) = w" + £xw° + ((/.^ o F^^x))^^ + Q'^iX, X, c 

where the expression Q" {X, Y, 0) is defined by the formula 

^ Q"(^, ^, <P) ■.=C^ix)-xu^" + (0" o F^(y))£^(x)a;^ 

+ {Qc.4^(X)) + </.? O F^(y)) Q,,(^(X))} 

for y a second, sufficiently small, contact vector field. 



To single out the terms of the form cf)'^ o F^ix)^ ^^ replace the term (/>? o F in Equations (4.1.3a) 
and (4.1.3b) by (p'^ o F^ry) fo get matrix- valued functions 

(4.1.7) A = A{X,Y,cl}) and B = B{X,Y,(j)). 

Using the identity 

Z^J (CxoJ^) = -{LxZ-^A a;" = (£z^X)J .;" = (d^X)^ , 

and the expression for dbX in Remark 2.3.3 yields the following formulas for the entries of A{X, Y, (p) 
and B{X, y, (/)) 

(4.1.8a) ^^ = (^^ + ZpA £xw" + ZpA Q"(X, Y, </.) 

and 

(4.1.8b) S| = (4X)| + (0| o F^(y)) + Z^J Q"(X, y, (P) . 

Finally, expressing A~^B in the form A^ B = B + AT (/ — A)B yields the identity 

FI{X)'^ = dbX + (0| o F^(x) + £^{X, X, (/.)) w^ Z, 
where 

(4.1.9) f|(x,y,</.) = z^-j Q-(x,y,0) + [A-i(/-A)i?]|. 

and where A = A{X, Y,(P), B = B{X, Y, ^). 
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Using the partition of unity, we globalize these local formute to obtain the vector-valued one 
forms 

(4.1.10) (/) o F^^x) ■=Y.P'- (-^"^ ° ^I'W) "^i ® ^^." 

I 
and 

(4.1.11) £{X, Y, <t>) := 5^ P£ • £lp{X, y, 0) 4 ® Zi,o. ■ 

l 
Noting that ^ = ^^ pi ■ fi and dbX = ^^ PidbX then immediately gives the next proposition, which 
we need to prove the normal form theorem of Section [6j 

Proposition 4.1.12. Let (F^(x),'/>) G '^c^ti^) x T' ((F^O'^) ® iJ(i^o)) be near {idM,0). Then 
^^ix)^ ^s given by 

(a) F*(^)</. = 4X + 0oF^(^)+£:(X,X,0). 

The linearized action at the identity map and the zero deformation tensor is 

(b) (X, (/.) ^ 9bX + 0. 

Remark 4.1.14. These equations require some care in interpretation. First, notice that the terms 
F^,j^-.(j) and d^X are in fact globally defined tensors, and make invariant sense. On the other hand, 
(j) o F^^Y)i ^-iid £{X, Y, (p) have been defined using local coordinates and are coordinate dependent. 

Remark 4.1.15. Observe that for s > 2n + 4 the map {X, Y, (j)) i— t- £{X, Y, 0) extends to the map 



between Folland-Stein spaces. In Section p^ we obtain estimates for £ that play a critical role in 
the proof or our normal form theorem. 

4.2. Complex contact vector fields. By equation (lb]), the action of the group of contact dif- 
feomorphisms suggests normalizing deformation tensors by the image of d^X where X is a real 
contact vector field. On the other hand, since d^X = db{TT/i^Q\X), it is natural to normalize the 
deformation tensor by the image of dbX for X £ TnQ\M. We accomplish this by introducing the 
notion of complex contact vector fieldsjj 

Begin by recalling that Tn^Q\AI is defined as the quotient bundle 

^ %,!) -^ TcM "-^' T(i,o)M ^ . 

Noting that TqM = -ff{i,o) © -^(0,1) © C • T, where T is the Reeb vector field, we see that the 
restriction of vr(i g) to -ff(i,o) © C • T is an isomorphism of complex vector bundles. Thus, we shall 
identify Tn^-jM with ^(i,o) © C • T when it is convenient. 

Next observe that the composite map 

TM ^TcM ''-^^ T(^i,o)M 

is injective with image the subbundle {Z £ T(io)Af : r]{Z) G M}. Consequently, there are natural 
identifications 

(4.2.1) TM = F(i,o) © M • T := {X G T(^i^o)M : i]{X) G R} ; 

and it is easy to check that the inclusion T^{TM) C T'^{Tn^Q\M) is norm preserving. 



This corresponds to the notion of Hamiltonian vector fields as used in [BD2| . 
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Because -ff(o,i) is contained in the annihilator of rj, the quantity r]{Z) is well-defined for all 
Z G r(i o)M. In addition, the quantity 7r(°'i)(ZJ drj) is well-defined, where 7r(°'i) : TcM* -^ F(°'1) 
denotes the natural projection map. More precisely, lel|j 

for any Z G TqM such that vrn g^Z = Z. 

Finally, recall from Remark 3.2.12 that a real vector field X is a contact vector field if and only 
if it satisfies the identity 

dX° + XJ dr] = mod r/ , 

where X^ = XJ rj. This is equivalent to the two conditions 

WJ {dX^ + XJ drj) = and WJ {dX^ + Xj d-q) = for all W G F(i^o)- 



Since X is real, WA {dX^ + XA drj) = WJ {dX^ + XJ dr]). This leads us to the following 
definition. 

Definition 4.2.2. We say that a (l,0)-vector field Z G r(Tn q-)M) is a complex contact vector field 
if it satisfies the condition 

BbiZJ r/)+7r(°'i)(ZJ dr])=0. 

We denote by r^Q„j(T(i g^M) the Folland-Stein completion of the space of complex contact vector 
fields. 

The following lemma places this definition in context. 

Lemma 4.2.3. Let X £ T{TcM) be a real vector field. Then the following are equivalent: 

(a) X is a contact vector field. 

(b) X satisfies the identity 

db{XJ r?) + 7r(°'i)(XJ d7]) = 

where vr^^'^) : T^M — )■ i^f^ ^.M is the restriction operator. 

(c) The vector-valued one-form d^X takes values in Hn^y 

Proof. By the observations above, a real vector field X is contact if and only if 

WJ {d{XJ rj) + XJ dr])=0 V W G H^q^^^ . 

This is simply condition 4.2.3[b) , thus establishing the equivalence of 4.2.3[ a) and 4.2.3[ b). The 
equivalence of 4.2.3[ b) and 4.2.3[ c) is a special case of Lemma 4.2.4 below. D 

The next lemma gives a useful characterization of complex contact vector fields. Before stat- 
ing the lemma, we remark that the quotient bundle TnQ\M has a naturally defined subbundle 
determined by the vanishing of rj, that is 

Hc/H^o,i) = {Ze r(i,o)M : 7?(Z) = 0} C T^i,o)M . 

A simple computation shows that the map vr^ g) defined above restricts to an isomorphism -ff(i,o) — 
ifc/-f^(o,i)- Hence, we may identify He/ H(^Qiy valued forms with //(i g)-valued forms. 



Independence of the choice of Z is an immediate consequence of the identity dri{Wi, W2) ~ for aU Wi, W2 £ 



-^(0,1)- 
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Lemma 4.2.4. The vector field Z £ T{T/iq\M) is a complex contact vector field if and only if d^Z 
is an HnQ\-valued (0, l)-form. 

Proof. Suppose that dbZ takes its values in -ff(i,o); that is, that 
(4.2.5) ri{dbZ{W)) = V IF e H(^o,i) ■ 



By equation (2.3.2b) 



7? {dtZ{W)) = -rj {7T^,^o)[Z,W]) = -7? {[Z,W]) ; 
but 

rj {[Z,W]) = -dr]{Z,W) + Z7]{W) -Wr]{Z) 
= -dr]{Z,W) -W{ZJ rj) 
= -WJ (ZJ dri + db{ZJ 7])) . 

Thus, dbZ takes its values in -ff(i,o) if and only if WJ [ZJ drj + db{ZJ r/)) = for ah W G -f^(o,i); 
which is equivalent to Z being complex contact. D 

5. HOMOTOPY OPERATORS FOR CR MANIFOLDS 

In this section, we will collect various results concerning the existence and regularity of honiotopy 
operators on embedded strongly pseudoconvex CR manifolds. We restrict our statements to the 
special case of embedded, three dimensional CR manifolds. More details of these constructions and 
their generalizations can be found in e.g. |BuMij . |Miyl| . 

5.1. Miyajima's homotopy operators. First, we have the following result for the db complex. 
It follows immediately from the vector bundle valued version contained in |Miy2| , where the vector 
bundle is the trivial line bundle, and P = Nd^, but the result is essentially contained in [BeGr] . 
Roughly speaking, it says that there exists a partial inverse and a Szego projector with good 
estimates. 

Theorem 5.1.1. There exist linear operators 

H : C^^iM) -^C°^{M), P: Q^^'^^M) -^ C°°{M) , and S : Vl^^'^\M) -^ 0(°'^)(M) , 

such that the following identities and estimates are satisfied: 

(a) dboH = 0, PoS = 0, Sodb = 

(b) u = PdbU + Hu and a = dbPa + Sa , 

(c) \\H{u)\\s^\\u\\s \\Pia)\\s ^ \\a\\s+i , \\S{a)\\s ^ \\a\\s , 

for all u G C°°{M), a £ Q^^'^^M), and s > 0. 

(d) H extends to a self-adjoint, projection operator on L (M, C). 

Similarly, homotopy operators for Tn o)-^-valued (0, 1) forms also exist, with similar estimates 
|Miy2| . These estimates work in general for vector valued forms, where the vector bundle is the 
restriction of a complex vector bundle which extends to the complex manifold bounded by M as 
a holomorphic bundle. (If the complex space X bounded by M is singular, we first resolve the 
singularities of X and then apply the above definition.) 
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Theorem 5.1.2 (Miyajima |Miyl| , |Miy2| ) . There exist linear operators 

/5:r°°(r(i,o)M)^r°°(r(i,o)M), 
P:f7(0'i)(r(i,o)M)^r-(r(i,o)M), 

Q:17(0'i)(r(i,o)M)^0(0'i)(r(i,o)M) 
satisfying the following identities and estimates: 

(a) dbop = 0, PoQ = Qodb = 

(b) Z = PdbZ + pZ and = dbP4> + Q(t) 

(c) \\P4>\\s+i -< UWs , imWs^UWs, \\p{z)\\s^\\z\\s, 

for all Z G r'^{T(^i^o)M), (j) G 0(0'i)(r(i_o)M), and s>0. 

Finally, there exist linear operators 

L : f^(0'i)(r(i,o)M) ^ r-(r(i,o)M) and N : T^iT^.^^^M) ^ r-(r(i,o)M) , 
with L a smooth horizontal linear first order differential operator such that 

(d) P = NoL, 
and N satisfies the estimate 

(e) \\N{Z)\U+2 -< \\Z\\s for all Z G r°°(r(i,o)M), s > 0. 

5.2. Homotopy operators for complex contact vector fields. These homotopy formulae do 
not single out contact vector fields in any significant manner. We now show how to modify the 
homotopy operators in order to do so. We begin by introducing the raising and lowering operators 
induced by the nondegenerate two form drj: 

Definition 5.2.1. The lowering operator is the vector bundle map 

( )^ : TM ^ H* : X ^ X^ = XJ dr] 

whose restriction to H C TM is an isomorphism between the contact distribution and its dual 
space. The raising operator is the inverse 



Remark 5.2.2. The maps ( ) and ( )^ of Definition 5.2.1 induce (complex) linear maps 

and 

where the map ( )' is an isomorphism of complex vector bundles. Observe that by construction, 
(5.2.3) Z = rj{Z)T + {Z^)^ 



for all Z G T°°{Tfi^Q\M). Notice also, that by Definition 4.2.2, Z is an element of the space 



'^contC^iifl)^) of complex contact vector fields if and only if it satisfies the identity 
(5.2.4) dbir]iZ)) + Z^ = 0. 
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Thus, every complex contact vector field is of the form 

(5.2.5) Zf = fT- (4/)» 

for / a smooth complex valued function. Moreover, the inclusion TM M- Tng)-^ induces the 
inclusion 

rg„ ,(TM) ^ r-„,(T(i,o)M) : X^Zg^, 

where gx = "rjiX). (See Remark [3.2.11 ) 



Proposition 5.2.6. There exist smooth linear operators 

r,s : r°^(r(i,o)M)^r°^(T(i,o)M) 

satisfying the following: 

(a) Z = VZ + SZforallZer°°{T(^i^o)M). 

(b) range(P) = ker(5) = V^UTi^M) . 

(c) ^05 = 0, cSo-p = 0, pop = V , andSoS = S . 

(d) WPzWs -< ll^lls and \\SZ\\s -< \\Z\\s for all Z £ T'^{T(i^o)M). 

Proof. Choose a vector field Z G T{Tn^Q\M), and compute as follows using the homotopy operators 
from Theorems 15.1.11 and 15.1.2] 

Z = r,{Z) T + {Z'f = {H{rj{Z)) + P(4(7?(Z)))) T + {dkP{Z') + S{z')f . 
Add and subtract the term P{Z )T and rearrange to get 
(5.2.7) Z = {{H{rj{Z)) - P{z')) T + (9,P(Z^))«} + | (p(9,(r/(Z))) + P{z')) T + (^S{Z') 

Define V,S : T°°(Tn^Q\M) — )■ T°°{TnQ\M) to be the linear operators given by the formula 

J 



ViZ) = [H{r]{Z)) - P{Z')j T + (dbPiZ') 
S{Z) = (P(56(77(Z))) + P{Z')) T + (5(Z^ 
By construction, Z = VZ + SZ . 



We claim that VZ is a smooth complex contact vector field. This follows from Equation (5.2.4) 
and the computation 



Bt (v{P{Z))) + P{zf = d,H{r^{Z)) - d,P{Z^) + dkP{Z') = dbH{r,{Z)) = . 
Observe also that by ( |5.2.4 ) 

S{Z) = (^P{d,{ri{Z))) + P{Z')) r+(5(Z^))"= (P(-Z^) + P(Z^)) T+(5(-4(r/(Z))))« = (-0)» = 0. 
for ah Z E r-„,(r(i,o)M). 

We have shown that V takes values in T^^^{T(^iq)M) and that S vanishes on T^^^{Ti^iq^M). 
These facts, combined with Equation (|a|) imply that P and S satisfy the identities : 

poS = 0, Sop = 0, Pop = P,&ndSoS = S, 
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as well as the equalities 

r-„,(T(i,o)M) = range(^) = ker(5) . 
The estimates follow from the estimates in Theorems 15.1.11 and 15.1.21 D 



Remark 5.2.8. Because the projection operators V,S in Proposition 5.2.6 preserve the Folland- 
Stein regularity, they extend to projection operators on the Folland-Stein space r*'(Tn g)-^) a-nd 
they induce a direct sum decomposition 

r (r(i,o)M) = r^„„,(r(i,o)M) e ker(p) 

with r^,„,(r(i,o)M) = ker(5) = range(P) C r«(r(i,o)M). 



The following variant of Theorem 5.1.2, highlights the role of contact vector fields. 
Theorem 5.2.9. There exist linear operators 

V : f7(0'i)(r(i,o)M) ^ r-„,(r(i,o)M) and U : [7(0'i)(r(i,o)M) ^ 0(0'i)(r(i,o)M) 
such that: 

(a) Z = VdbZ + pZ for all Z G r~„,(r(i,o)M) 

(b) = BbV^ + -H0 for all (P G f](°'i) (T(i,o)M) 

(c) BbV 71 = 0, nodbV = o 

(d) nodbZ = for all Z G r^„,(T(i,o)M) 

(e) ||P</.||,+i -< \\cP\U , p<A|U -< ll'/'ll. for all cP G 0(0'^)(r(i,o)M). 
Moreover, 

(f) MZ)\\s -< \\Z\U for all Z G T^UTiifl)M), s > 0. 
Finally, there exists a smooth linear operators 

c : o(o-i)(r(i,o)M) ^ r-(r(i,o)M) andM-. r~(r(i,o)M) ^ r~(r(i,o)M) 

with C a horizontal, first order differential operator, such that 

(g) V=MoC 

(h) ||AA(Z)||,+2 -< ll^lls for all Z G r°°(r(i,o)M), s > 0. 



Proof. The key step in the proof is to express the homotopy operator P of Theorem 5.1.2 as the 
sum of two operators V and 5, defined by the formulas 

'P = VoPandS = SoP. 



By Proposition 5.2.6, P = V + S and the image of V is contained in the space rgg^^(r(i q^M) of 



smooth complex contact vector fields. Next let H = dbo S + Q, where Q is as in Theorem 5.1.2 
To prove (a), let Z he a complex contact vector field and note that by 5.1.2[ b) 

Z = PdbZ + pZ = VdbZ + SdbZ + pZ . 
We need only show that SdbZ = 0, for Z complex contact. First observe that whenever Z is a com- 



plex contact vector field, then PdbZ is also complex contact. This follows easily from Lemma 4.2.4 



the formula PdbZ = Z — p{Z), and dbp{Z) = 0. Consequently, S{dbZ) = S{PdbZ) = 0, for all 
Z G r-„,(T(i,o)M). 
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To prove the homotopy formula (b), notice that Proposition 5.2.6[ a) imphes the decomposition 

P = V + S; 
then use the homotopy formula 5.1.2| ^b) to compute as follows: 

(/> = dbP(f> + Q(p = BbV + dbS^ + Q(I) = dbV(P + ncf) . 



We now prove parts (c) and (d). First observe that S o dbV = 0. Since Vcj) is complex contact, 
PdbVcj) is complex contact. Therefore, SdbVcj) = S{PdbVcl)) = 0. Next observe that db{VodbS) = 
as follows: For cj) G Q.^^'^' {TriQ\M) , compute as follows: 



BbV^ = BbV {BbVcf) + BbScf) + 



BbVBbVct> + BbVBbS<t); 



on the other hand 



BbV(t> = BbV{BbV(t>) + BbS{BbV4>) + Q{BbVct>) = BbVBbVct) . 



Thus, BbiV o BbS) = 0. Finally, the id entities QoBb = VoQ = SoQ = follow immediately from 
Proposition 5.2.6 and Theorem 5.1.2 Then the identities BbVoT-L = and TioBbV = follow from 
the identities db{V o BbS) = and S o BbV = 0. 



To prove part (g), set C = L and M = V o N. Since P = P o P and by ( |5.1.2[ ;) P = iV o L, it 
follows that V =M o C. 



The estimates (e), (f), and (h) follow immediately from the estimates in Theorems 5.1.1 and 5.1.2 



D 



Notice that in the last theorem, since il(°'^)(F(i^o)) C VtS'^'''\T(^i^Q)M), it follows that for e 
il''^'"'^'(i7(i 0))) we have (j) = BbVcj) + 'H4>. Moreover, since the range of V is the space of complex 
contact vector fields, then BbV (I) G ^^^'^'{Hi^i^q-^) (see Lemma 



4.2.4). It follows that % restricts to 



an operator Ti. : QS^'^>{Htifi\) — t- Q.^^'^>{HtiQ\). Therefore, we can restrict the homotopy formula 
to the horizontal vector valued forms. We state this next, using the same symbols to denote the 
restricted operators without risk of confusion. 

Corollary 5.2.10. There exist homotopy operators V : Q.'^^'^'{H(^i^q-^) — )• r^„((T(i q)-^)? 
■H : 0(0'i)(F(i_o)) -^ ^^°'^n^(i,o)) such that: 



(a) 
(b) 
(c) 
(d) 



cp = BbV4> + n<i) for all (P G [7(°'i)(i/(i,o)) 
BbVo'H = 'HoBbV = 
'HoBbZ = for all Z G TZ,^{T^^^o)M) 

\\V(t>\\s+i ^ ll*/-!!. \\n<P\\s ^ UWs for all </. G S7(0'i)(/?(i,o)). 



Moreover, noting that the harmonic projection p restricts to a map p : r^„j(Tn g^M) — )■ V'^^i{Tiiq\M): 



(e) 
(f) 



Z = VBbZ + pZ for all Z G rs„,(r(i,o)M) 
\\p{Z)\U ^ \\Z\U for all Z G r-„,(r(i,o)M), s > 0. 
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5.3. Harmonic decomposition of complex contact vector fields. In this section, we obtain 
a decomposition of complex contact vector fields into real contact vector fields and a complemen- 
tary subspace. Recall from Equation (5.2.5) that the space of complex contact vector fields is 
parameterized by complex valued functions as follows: 

f ^ Zf = fT - {dj)K 

The observation that this parametrization agrees with the parametrization of real contact vec- 
tor fields as introduced in Remark 3.2.11 suggests constucting the decomposition using the naive 
projection operator Tr^e : Zf i— ;■ -^Re{/) • Unfortunately, this projection map is not continuous in the 
Folland-Stein norm. We see this as follows. By virtue of the identification TnQ\M = HnQ\ © C ■ T, 
the Folland-Stein structure on the space of complex contact vector fields is 

{Zf,Zg), = (^{fT-{dtf)*),{gT-{d,g)*)^^ 



= {f,g)s + {dbf,dbg)^. 

wzffs = \\ffs + \m\\i 

On the other hand, since ■^Re(/) = l/2(-^/ + Zj), 

\\ZKeif)fs = ynZf + ZjWl = ||Re(/)||2 + 1/2114/ + dJW^ ■ 

Let fk be a sequence of CR functions with ||5/fc||s — )■ c« and ||/fc||s bounded. Then ||.^/^||s is 
bounded, but 

||ZRe(/,)||? = ||Re(/fc)||2 + \\\dMl = ||Re(A)||2 + ^Wd^ht ^ oo . 

Therefore, to obtain a bounded projection, we have to proceed differently. We need the following 
regularly lemma. 

Lemma 5.3.1. The estimate ||u||s+2 -< ||Re(/ + □6)u||s holds for any smooth, real-valued function 
u. In particular, iflie{l + \I\b)u is smooth, then so is u. 

Proof. One easily verifies that for u real, the identity Ke{u + Ohu) = u + 2n+2 ^R'^ holds, where 
Ajj is the Laplace operator in the Rumin complex. The estimate follows from the corresponding 
estimate for A/j, proved in [Rl IBD3J . D 



Next let / be a smooth, complex valued function /. Then Re(/+nf,/) is smooth, and Lemma 5.3.1 
implies that there is a unique, smooth, real-valued function n, satisfying the equation 

Proposition 5.3.2. For all s > 2n + 4, the map 

f^u:={I+ -^-^Afi)-iRe(/ + U,f) 
induces a hounded projection operator 

TTRe : r^„„,(r(i,o)M) ^ r^„„,(r(i,o)M) ■. z^^z^ 

with image T^^^^^iTM). 
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Proof. By construction ir^dZu) = Z^ for u real. Consequently, ttrc is a projection operator, as 
claimed. To prove that ttrc is bounded, note that regularity for Aji justifies estimating as follows: 

\\Z^\\s -< \\u\\s+\\dbu\\s -< \\u\U+i -< \\iI+-^AR)u\\s-i ^ ||Re(/+n5/)||s-i -< \\f\\s-i + \\Obf\\s-i- 

But |p6/IU-i = \\dldbf\\s-i -< \\dbf\\s implies the estimate \\Zu\\s ^ ||/||s-i + ||4/||s ^ ll^/IU- □ 

The projection map ttrc induces the decomposition 

where 

(5.3.3) T/:={yGr-„,(r(i,o)M) : TrndiY) = 0} . 

Let y* denote the closure of V in the T^ norm. It will prove convenient to adopt the notational 
convention 

(5.3.4) Zf = Xf-iYf, 

where Xf := 7rRe(^/) £ ^mntC^^) ^^^ ^f '•— '^im(-^/) is the projection 

vrim := i{ld - TTRe) : Zf ^Yf . 
Moreover, the estimate 

II \^ II I IIA^ II y II '711 

ll-^/IU + Ir /lU "^ II^IU 
holds for all / G T^M, C), with s > 2n + 4. 

Remark 5.3.5. We caution the reader that although Xf is real, it is not the real part of Zf. 

Remark 5.3.6. We could at this point let iV be a rather arbitrary complement to r^„^(TM). 
The only properties for V that are important in what follows are: 

(a) r-„,(r(i,o)M) - T^UTM) © iV, 

(b) r^,„,(r(i,o)M) - TIUTM) © ^F^ 

(c) ||x||, + ||y||, ^ \\x-iY\u, 

for ah s > 2n + 4. 

6. Normal form for CR deformations 

In this section, we study the action of the contact diffeomorphism group on the space of defor- 
mations of a fixed embeddable CR structure (M, Hn^Q\) on a compact three dimensional manifold 

M. 

There are significant differences in the analysis between the three dimensional case and higher 
dimensions. These arise since first, there are no integrability conditions in dimension three, and 
second, the relevant operators are not subelliptic in three dimensions. While the analysis general- 
izes to higher dimensions, the details are numerous and everything requires a separate statement, 
including the introduction of new operators to take into account the integrability conditions. Since 
in dimensions at least five, it is well known that all compact, strongly pseudoconvex CR manifolds 
are embeddable, our main interest is in the three dimensional case where the situation is more 
subtle and less well understood. Henceforth, we will restrict our attention to this case. 

Before beginning the statement and proof of the main results, we make some comments to 
motivate the definitions and statements. The contact diffeomorphism group acts on the space of 
deformation tensors, and the linearization of the action at the identity map and the zero deformation 
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tensor is (X, (p) i— )■ (dbX + 0), where X is a contact vector field. On the other hand, the Hodge 



decomposition of Corollary 5.2.10 shows that a deformation tensor can be split as (/> = dbV((> + 
T-L(p, where V4> is a complex contact vector field, and T-L(j) serves as the "harmonic part" of the 
deformation. If we split the complex contact vector fields as V(l) = X — iY, where X is a real 



contact vector field, and Y lies in a transverse subspace (see Section 5.3 ), then Y can be heuristically 
thought of as infinitesimally arising from one of Kuranishi's "wiggles" of the embedded CR manifold 
within its ambient surface. The normal form should then be idbY + t/)-^, that is, a harmonic form 
plus a wiggle. 

This overview suggests that we should consider a map r^„^(TM) ©iy ©kerP — t- T>ef and show 
that for ah G Vef, there exist {X,Y,7p) such that F^,^.(p = idbY + 1!) or {F^^^.)* [idbY + iIj) = cp; 



here, Fqitx) is the contact diffeomorphism defined by '^{X) as in Theorem 3.2.13 Unfortunately, 
the linearization of this map loses regularity, since it involves differentiation with respect to X, 
which has a component in the direction of X. To circumvent this difficulty, we carry along a copy 
of cj} and consider the modified map {(l),X,Y,ip) 1— )• {cj},F^,j^-,(j) — {idbY + ip)). This map is now 
invertible (modulo a kernel - the CR vector fields - which is easily incorporated) giving a weak 
normal form: 

for every (p, there is a triple {X,Y,^p) such that F^,j^-.(j) = idbY + ^p. 

However, in the proof, the normal form idbY + ip has less regularity than (p. This can be viewed as 
a weak Hodge decomposition for the nonlinear theory. However, taking our lead from the proof of 



regularity for the standard linear Hodge theory, we then obtain a priori estimates in Section 6.2 
to improve the regularity and establish a strong normal form: 

if F^^^^<p = idbY + ip with(per', i/ienx,y G^^+^VG^^ 

Remark. We expect that this approach of first using linear analysis to obtain a weak normal form 
and then a priori estimates to obtain the strong normal form will find a wide range of use in other 
applications. 

6.1. Statement of the Normal Form Theorem. Throughout the remainder of the paper, 
{M,Hn^Q-j) is a fixed embeddable compact three dimensional CR manifold. 

We first establish notation. Let H^ = kevV C Q^^'^' [Hr i^q\) represent the "harmonic deformation 
tensors", where V is as in Corollary 5.2.10 and denote the the CR vector fields by F^ (TM) = 



keTdbnr'+^{T^ifl)M). Let T'{R^) denote the Folland-Stein completion of H^ in T%n('^'^\H(^i^o-j)). 

Notice that r*(H-^) is closed in the space of deformation tensors T^{T)ef) = T^ {Q,''^'^' {Hn^Q\)) and 
that by Corollary [5XT0| 

P(0(0'i)(/f(i,o))) = range(4) © ^iU') . 

We define the map|j 

(6.1.1a) $ : T'+^{Vef) © r^+\(rM) © V'^^ © r"(H^) -^ T'+'^{Vef) © T\Vef) © T'+^{TM) 

by the formula 

(6.1.1b) (0, X, y, ^) ^ (0, F*(^)</. - idbY - V', p{X - iY)) . 



This corrects a mistake in [B] when we mistakenly asserted the map $ to be C^ if we take the first factor on each 



side to be in r"{T>ef). In the Section 6.2 we obtain a priori estimates to establish a local nonlinear Hodge theory 
and recover the lost regularity. 
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Proposition 6.1.2. The map ^ is a local diffeomorphism in a neighbourhood of the origin. 
Proof. By the inverse function ttieorem for Banacli spaces, it is sufficient to establish that: 

(1) $ is locally C^; 

(2) d*^ I (0,0,0,0) is invertible. 



To establish (1), notice that all terms in the map $ are linear, and smooth (see Theorem 5.1.2), ex- 



cept F^.-^sCJ), so it suffices to check the regularity of this term. By Remark 3.2.9 , X i— ;■ (.^/3 J F^ 



Kxr 



and X I— )• {ZpJ F^,^-.u}) are smooth maps from r^+ contact vector fields to T^ functions. We 
proved in [BDlj that the mapj 

is C^. From the local expressions in formulae (|4.1.3a) and (|4.1.3b[) and the fact that the matrix 



A in these formulas is invertible, it follows that the term {4>,X) i— )■ F^,-^-.^) is C^, completing the 
proof that the map <1> is C^ . 

We next check that d^ is invertible at the origin. Let (0, X, Y, tp) be a tangent vector at the 
origin. Then 

d$((/), X, Y, V') = ((/>, BbX - idbY + ^-^,p{X- iY)) . 

It is clear that this map has trivial kernel and that it is surjective. In fact, using the homotopy 
operators Vj'H, we can verify that the inverse map {d^)~^ is given by 

To verify that this is the inverse of 'i*I*(o,o,o); compute as follows: 

id^)-\<P, BbX - idbY + ^-^,p{X- it)) = (0, 7rn^{V{dbX - idbY -i;) + p{X - it)), 

nm{r{dbX - idbt - V') + p{x - it)), 
- n{dbX - idbY - ^)) 

= {4>,x,t,i,). 

u 

By the implicit function theorem, inverting <I> gives rise to the C^ map 
(6.1.3a) T'^+\Vef)^Vl-^,{M)®V'+^®T\n^) : ^ (F<^, F^, V^) 

defined by the constraint 

(6.1.3b) {(t>,X^,Y^,il:^) = $-^0,0,0) , 

with F(i) = Fq/Xj, and </> in a sufficiently small neighbourhood of the origin. 

Corollary 6.1.4. There exist neighbourhoods G C/ C T''+'^{'Def) and idM £U C T>^'^^^{M) such 
that for any (j) £ U , there is a contact diffeomorphism F^ £ U such that Flcj) is contained in the 
subspace db {iV'+^) r^(H^) C T^Vef). The equation 

FU = idbY4, + ^^£r{Vef) 



"Notice that the differential of this map is the Lie derivative of u, which explains the loss in regularity on u. 
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determines F^,Y^ and iptp up to the CR-vector field p{X^ — iY^), which is in turn determined by 
the additional constraint p{Xfj, — lY^) = 0. 

We call the deformation tensor 
the normal form of (p. The following theorem, which is proved using a priori estimates, gives 



increased regularity for the normal form. It is an immediate corollary to Theorem 6.2.7 below. 
Theorem 6.1.5. The map cp i— )■ {F^,Y^,ip^) defines a C^ map of the form 

for sufficiently small (j) G r*"*"^(De/). In particular, the normal form 

F;(t>=iidbY^ + ^^) 

is contained in Bb {iV'^^) r'^+2(Hi) C T'+'^{Vef). 



Remark 6.1.6. As noted in Remark 5.3.6[ we have some freedom in the choice of y*"*"^, the 



complementary subpace to r^^^(rM) in T^^'^^^(T(^i q)M) . If the original CR manifold admits a free 
S^ action as a symmetry, we can choose all homotopy operators to be S^ equivariant. Complex 
contact vector fields then have Fourier expansions, and we can choose our complement V to consist 
of complex vector fields of the form Zf, where / has only positive (respectively negative) Fourier 
coefficients. In [B], we made these choices to obtain the interior (respectively exterior) normal form. 

In general, since M is embeddable it follows that M ^-t- S for some compact complex surface 
S as a separating hypersurface (see jLej.) The elements of V correspond on the infinitesimal level 
to Kuranishi's "wiggles", that is, CR structures which are induced on M through infinitesimal 
isotopies of M within S. In this regard, one expects the factor ^ to correspond to deformations 
of the singularities of the "fill-in" of M (that is, the pseudoconvex side of S bounded by M) or to 
non-embeddable structures on M. 

6.2. A priori estimates for the action on CR structures. We now proceed to establish the 
a priori regularity estimates for the action of the contact diffeomorphism group on the space of 
deformation tensors that we need to establish Theorem 16.1.51 

Let X be a contact vector field and let (/> be a CR deformation, expressed relative to a local 
frame Za and dual coframe co^ as (p = (p'sUJ^ Za- For X and </> sufficiently small, we will obtain 

estimates for the deformation tensor for the pull-back CR-structure ;U = -F*(/). [j 

Remark 6.2.1. Since we are restricting ourselves to a small neighbourhood of the embeddable 
structure, we may choose the neighbourhood small enough to have the following uniform estimates: 

U\\s+2 < C , \\ij\\s+2 <C , and ||X||,+i < C 

where C is a fixed (sufficiently small) constant. Since when ||X||s+i < C one has ||X||s+i 
ll-^>i'(x)IU+i) ^-iid one can choose C such that in addition 

ll-^*(x)l|s+i < C ; 
here and in what follows we use the norm on contact diffeomorphisms ||-P'*(x)lls+i •= ll^(^)lls 
where F^^x) = expo$(X). 



^j 



Although we have restricted to the three dimensional case n = 1, we continue to use index notation to help 
distinguish between functions and coefficients of tensors. 
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Remark 6.2.2. We will repeatedly use the estimates 

\\f9\\s^\\f\\s\\9\\s-i + \\f\\s-i\\9\\s 
and 

\\g o F||, -< (ll^ll, + ||5||,||F||,_i + ||5||,_i||F||,) • (1 + ||F||,_i)'-^ 

-< Iblls + ||5||s||-F||s-l + ||5||s-l||i^||s 

for all s > 2n + 4:,f,g G r'^(M), and F G P^o„((M), ||F|| -< 1, without comment. The first estimate 
was proved in |BDlj . The second estimate follows easily by writing g o F in local coordinates 
and computing ||5 o -F||t/.s in a coordinate neighborhood U <Z M using the chain rule. In the last 
estimate, we used the fixed bound on X to conclude that (1 + ||i^||s__i)'^~^ -< 1. 



(X)^ 



Our next goal is to obtain estimates for the deformation tensor for the pull-back ^ = F^ 
Lemma 6.2.3. Let F = -F^(x) and s > 2n + A. Then 

UoFWs -< Ms + 11011s • ||X||,_i + \\cp\\s-i ■ \\x\\s . 

Proof. Observe that on each coordinate patch Ui 

\\pe{(j)oF)i\\ui^s ■< \\4>\\Ue,s + ||(/'||c7^,s||i^d|(/^,s-l + ||(/'||t/^,s-l ll-Ffllc/^ ,s 

-< u\u + Ms\\F\u-i + \ms-i\\F\\s 
-< u\u + ms\\^ix)\\s-i + ms-i\\^{x)\\s 
^ uws + mumu-i + uws-iwxws 

The result follows from finiteness of the cover Ui. D 



Next let £{X,Y,(p) be the vector-valued one-form defined by Equation (4.1.11). Then we have 
the following estimates: 

Lemma 6.2.4. For s > 2n + 4, let (j) £ T^{T>ef) be a deformation tensor with \\(j)\\s < C and let 
X,Y G r^^j(TM) be vector fields with ||X||s_|_i < C, \\Y\\s+i < C, for C chosen as in Remark 
^J^. Then 

\\£{X, Y, ct>)\\s ^ {\\X\\s + 110 o F^(^) ly . \\x\u+i . 

Let (pj G r**(Pe/), j = 1,2 be two deformation tensors with \\4>j\\s < C, and letXj,Yj G r^^j(rM), 
J = 1,2 be contact vector fields with \\Xj\\s-^-i < C, ||l^||s+i < C. Then 

\\£{Xi,Yi,<t>i) - £:(X2,y2,02)IU < {\\Xi\\s+i + ll^2lU+i) • ll^i - X2||s 

+ {\\Xi\\s + \\X2\\s)-\\Xi-X2\\s+l 

+ (||Xi|U+i + IIX2IU+1) • 1101 o Fi - 02 o F2IU 
+ (1101 o Fill, + 1102 o F2IU) • ||Xi - X2IU+1 . 
where Fj = F^(^Yj), J = 1, 2. 

Proof. By Equation ( 4.1.11[ ), our proof amounts to obtaining sufficiently good estimates on the 
entries of the matrices yl(X, y, 0) and i?(X, y, 0) defined in Equations (4.1.7) Recall the local 
formulae for A and B: 

A'l = 51 + ZpA Cxuj'^ + ZpA Q^{X, Y, 0) 

Bl = {d,X)1 + (0^ o F^(y)) + Z-pA Q'^iX, y, 0) . 
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The estimate 



\£ns<\\Z.A Q^{X,Y,<t))\l + \\A 



-ii 



\[{I-A)B^\ 



follows immediately from the formula for 8'^. 

We estimate each term on the right-hand side. First, using Proposition |3.2.15| to estimate 
^(X) - X and observing that the estim ate \\ZpA Q^^cc{^!{X))\\s -< \\^{X)\\s\\^{X)\\s+i follows 
immediately from the local formula (3.2.6), we obtain 



\ZpJ Q-(X,y,0)|U ^ \\ZpJ C^^x)-xoo''\\s + \\{4>^oF^^Y))ZpJ £*(X) 



OJ' 



-< W'^iX) - X\\s+1 + U o F^(^y)\\s\\ZpJ C^(^x)OJ^\\s-l 



+ 



° -^'^(y)lls-i \\Zi3 



£^(x)a;'^| 



+ \\Z^J Q^4^{Xms + UoF^(^Y)\\s-i\\ZpJ Q^-,{^{X))\U 



+ 



F^(^Y)\\s\\Z^J Q^,i^iX))\\s-i 



^ \\X\\s ||X||,+i + II0O F^(y)||, ||^(X)||, + 110 o F^(^Y)\\s-i ||^(X)||,+i 

+ ||^(X)||, ||^(X)||,+l + ||</.0 F^(y)||,_l||vl/(X)||, ||^(X)||,+i 
+ UoF^(^Y)\\s\\^{X)\\s-l\\^{X)\\s 



-< ||A lis ||A ||s+i + 



F. 



*(y)lls 



\X\\s + 



F, 



-< 



+ \\X\\. 

\X\\s + 



l-'^lls+l + 



F, 



*{y)IU-i 



*(y)lls-i 

\X\\s ||^||s+l + 



-1 IIXI 



s+1 



F 



*(y)lls 



\X\ 



s-l 



\x\ 



with a similar estimate for \\Z 

\m-A)]i 



p- 



4>o F^(Y)\\s) ■ ll-'^lls+l 

Q"(X,y,(/>)||s. Next 

= \\{Z^A Cxuj'' + Z^AQ''{X,Y, 

-< \\X\\s+l + {\\X\\s + UoF^^Y)\\s) • \\X\\s+l , 
which implies in particular that A = I — (I — A) is invertible. More precisely, because the matrix 
is the of the form / + (small matrix), a series expansion for A~^ yields the estimate 

|X||s+i which is uniformly bounded by a constant depending 



A 






^ II^IU+i + 

an 



oF, 



*(y)l 



only on the constant C in Remark |6. 2.1 Also 

oF^^Y)) + ZpA Q^X,Y, 



/3' 



= \\i{d,x)l + 
^II^IU+1 +11 



'oF, 



'^iY)\\s + (||-'^||s + \\(j)oF^(Y)\\s) ■ \\X\ 



s+1 



SO 



;/ - A)B]1\U ^ \\[{I - A)]^U[B]}\\s-i + ||[(/ - A)] 



U-i 



\H\ 



-< {\\X\U+l + {\\X\\s+UoF^^Y)\\s)-\\X\\s+l) 



+ (ll^l|s + 

• (11^11.+ 

^ II \^ll 
-< ||A||s+l ■ 

+ \\x 



'■\\X\\s) 



<i\\x\\ 



X\\s-1 + ||0oF^(y)|| 

s+l + \\(t)oF^(^Y)\\s + {\\X\\s+ \\4>oF^(^Y)\ 

X\U+\\{(t>oF^(^Y))\\s-l) 

.{\\X\\s+l + \\{cl>oF^(^Y))\\s) 
II \^ II 



l-'^lls+l) ) 



'F^(y)l 
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This completes the proof of the first estimate. 

To prove the second estimate, let Aj = A{Xj,Yj,4>j), Bj = B{Xj,Yj,(j)j), £j = £{Xj,Yj,(j)j), 



1,2. Then 



A-^\B^ 



'-' A-;^)B2 



B2)-{A-^ -^1 
= [(5i - B2) + A^\I - A^){Bi - B2)] - [A:,\Ar - A2)A-{^B2] . 



Using this in Equation (4.1.11), we obtain the equality 



[^l-^2]| 



+ [A-^\I - A,){B^ - i?2)]| - [^2-1(^1 - A2)A^'B2]1 . 



6.2.1 



sufficiently small to ensure that \\A- \\s < C for some 



Choose the constant C in Remark 

fixed constant C . The triangle inequality, then gives 

(6.2.5) \\[£i-£2]$\\s^\\Zi^J Q"(Xi,yi,0i)-Z^J Q°(X2,y2,</'2)|U 

+ 11(1 - Ai){Bi - B2)\\s + \\{Ai - ^2)|U||i?2||s-l 

+ 11(^1 



Ao 



I So 



We estimate all four terms on the right-hand side of (6.2.5) in a similar manner. We present the 
estimate of the first term in detail and leave the verification of the estimates of the remaining two 
terms to the reader. Rearranging terms and simplifying gives 



Z.J Q"(Xi,yi,(/.i)-Z5j Q°(X2,y2,02 



/3- 



^1,7' 



Fi)Z^J £^(Xi)W 



+Z^J Q^.(^(Xi)) + ((/>?_^ o Fi)Z-^J Q^,(^(Xi))} 
+Z^J Q^.(*(X2)) + {cPl^ o F2)Z^J Q^,i^{X2))} 



z-,J c 



(^(Xi)-Xi)-(*(X2)-X2) 



(a;") + {Z.J Q^.(^(Xi)) - Z-.J Q^.(^(X2)) 



+ {{^l^oFi)Z^J £^^x,)^^-{cPl^oF2)Zi^J £*(X2)^^} 

+ {{cPl^ o Fi)Z^-J Q^,{^{Xi)) - {cPl^ o F2)Z-^J Q^,{^{X2))} 

By our previous estimates, we may estimate as follows: 

\\z^j Q-(Xi,yi,0i)-z^j Q"(X2,y2,<A2)||s 

+ \\Z.J Q^.(^(Xi))-Z5j Qu.4^{X2))\\s 



-< 



^^{X2)^'^\\s 



-< 



+ II (</.?,^ o F,)Z^J £^(x,)^^ - i^h ° F2)Z^ 

+ ||(</>?,^oFi)Z^J Q^,{^{X,))-{cl>l^oF2)Z^J Q,,(^(X2))|U 

\\{^{Xi)-Xi)-{^{X2)-X2)\Ui 

+ ||Xi - X2IU • (ll^ilU+i + ||^2||.+i) + 11^1 - X2IU+1 • (llXiii, + 1IX2II.) 



+ ||(</.?,^oFl)Z^j£^(;,,) 



UJ' 



bl^oF2)Z-pJC^(X2) 



to ' 



+ \\[4>l^oF^)Z-^J Q^,[^{X^))-[4>2aoF2)Z-^J Q^,[^{X2 
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where we have used Lemma 3.2.7| ^c) 

-< \\Xi - X2||.(||Xi||,+i + IIX2II.+1) + \\Xi - X2\\s+i ■ {\\Xi\\s + IIX2II.), 

+ II (</.?,^ o Fi)Z^J £^(x,)^^ - ('^2,7 ° F2)Z^J C^(X,)^^\\s 

+ ||(</.?,^oFi)Z^J Q^,i^iXi))-i<Pl^oF2)Z^J Q,,(^(X2))|U, 
where we have used Proposition 3.2. 15| b ) . Observe that 

\\{<f>l^ o Fi)Z^J £^(Xi)W^ - (<^?,7 ° F2)Z^J C^(^x,)U^''\\s 
^ (1101 o Fi||,_i + U2 O F2\\s-l) ■ \\Xi - X2\\s+1 

+ (1101 o Fill, + 1102 o F2II,) • ||Xi - X2II. 
+ (||Xi||, + ||X2||.) -11010^1-02 Falls 
+ (||Xi||,+i + IIX2II.+1) • 1101 o Fi - 02 O F2||,_l 
^ (1101 o Fill, + 1102 o F2II,) • ||Xi - X2\\s+1 

+ {\\Xi\U+i + ||X2||,+l) • 1101 o Fi - 02 o F2II, , 

where we have used the identity /i gi — /2 52 = /i (51 — 92) + Ui ~ f'i) 92 and the corresponding 
estimate 

11/151 - /25'2|U ^ (ll/llU-1 + II/2IIS-1) • II5I -52IU + (ll/lIU + ll/2|y • II5I -52||s-l 
+ (Il5l||s-1 + ||52||s-l) • ll/l - /2IU + (Ibllls + Il52||s) • ll/l - /2II5-I • 

A similar argument yields the estimate 

3 Fi)Z^J Qzj{^{Xi)) - (02 o F2)Z^J Q^(^(X2))|U 

^ (1101 o Fill, + 1102 o F2|y • ||Xi - X2IU+1 



+ (||Xi||,+i + ||X2||,+i) • 1101 o Fi - 02 o F2II, 

Thus 

llz^J Q"(Xi,yi,0i)-z^J Q"(X2,y2,02)||«^ (||Xi||,+i + ||X2|U+i)-||Xi-X2||, 

+ (||Xi|U+||X2|U)-||Xi-X2|U+l 

+ (IIXilU+i + IIX2IU+1) • 1101 o Fi - 02 o F2II 

+ (1101 o Fill, + 1102 o F2II,) • ||Xi - X2||,+i 



D 

Our proof of the a priori estimates from which Theorem |6.1.5 follows requires one more technical 
lemma. For A; > 2n + 4 and e > small, let G T^{Vef) and Xq G T^^^^{TM) with ||0||fc < e and 
||Xo|| < e. Then the map 

^0,xo ■■ r^o+nt(%o)M) ^ r,^+Ur(i,o)M) : z ^ z + v{£{-kUZ),x^,4>)^ 

is defined for all Z in a sufficiently small ball about the origin. 

Lemma 6.2.6. There exists a sufficiently small e > such that the following holds. For all 
e V'iVef) and Xq e r^^^t{TM) such that \\Xo\\k < e and ||0||fe < e, the equation T^'^Xo^Z) = W 

has a unique solution Z G r^^j(r(i o)M) for all W G r^^^(r(i o)M) with ||PF||fc+i < e. Moreover, 
the solution satisfies the estimate ||Z||fc+i < 2||l^||fc+i. 
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Proof. We first show that we can choose 5 > so that Z i— )■ 'P(£^(7rRc(-^),^0) </•) is a c ontrac tion 

6.2.41 for 



mapping in T^^^{T(^l^Q■^M) for ||Z||fc_(_i < 5. To see this, first note that by Lemma 
(j) G T^{'Def) with \\<j)\\k < C, for C sufficiently small, the estimate 

\\£iXi,Xo,cl))-£{X2,Xo,<p)\\k^{\\Xi\\k + \\X2\\k+i + UoFo\\k)-\\Xi-X2\\k+i 



holds for ah Xi,X2 G T'^;^^^{TM), with ||Xj||fc+i <C,j = 1,2. Thus, 

||p(£:(Xi,Xo,</.) -p(£:(X2,Xo,.^))IU+i ^ (||Xi|U+i + 1IX2IU+1 + ||</>oFo|U) • ||Xi -X2IU+1 . 

Consequently, for 5' > sufficiently small, 

\\V{£{Xi,Xo,cl))-V{£{X2,Xo,m\k+i < l\\Xi - X2IU+1 , 
provided ||(/>||fc < 6, \\Xj\\k+i < 6', j = 1,2. 

Now choose 6 < 6' so that ||7rRe(-Z')||fc+i < 5' for ||Z||fc+i < 5. Then for Xj = TT^e{Zj), j = 1,2, 

\\Vi£{TTneZuXo,cl))-V{£i7rKeZ2,Xo,m\k+l < ^\\Zi - Z2\\k+1 , 

provided ||Zj||fe+i < 5. 

Finally, set e = 6/2. Choose any W G r^j^j(T(i g)-^) and define the sequence Zn, n = 0, 1, 2, . . . 
inductively by Zq = 0, Z^+i = W — T'{£{7rj{s{Zn),XQ,(p). Since £{0,Xq,(I)) = 0, Zi = W. Conse- 
quently {Zn} is Cauchy with ||Zn+i-2'„||fc+i < l\\Zn-Zn-i\\k+i- Therefore, ||Zn||A:+i < 2||Ty||fc+i. 
Thus, the sequence converges to a solution Z of the equation T(j,^Xq{Z) = W satisfying the estimate 
||Z||a;+i < 2||T^||fc-|-i. Uniqueness of the solution follows from the contraction mapping property. D 



We are now able to obtain the a priori estimates that we promised and from which Theorem 6.1.5 
follows. 

Theorem 6.2.7. Fix a smooth background CR structure on M as above, and let 

V : f^(°'^)(//(i,o)) ^ r-„,(r(i,o)Af) and % : f^(°'^H^(i,o)) ^ f^^°''H^(i,o)) 

be the linear operators of Corollary \5.2.10\ Then for s > 2n + 4, there exists e > .such that the 
following holds: 

Suppose that(t>e T'+H^ef), X G T^tntiTM) (so F^(x) G V',tnt{M)), Y G V'+\ and^ G T^{Vef) 
satisfy the conditions 

p(X-fy)=0, ||F^(x)||s+i < e, ||</'||s+2 < e, and^; GkerV . 

If the deformation tensor /x = F^,-^-.(j) — idbY — ip is contained in T^^'^{'Def) and ||/.i||s+2 < (- th 

F^(X) G K+^t{M) , Y G y^+3 ^^^ ^ ^ r+\Vef) . 

Moreover, the following estimates are satisfied: 

\\F^{X)\\s+Z -< ||</'||s+2 + ||/^||s+2 , 
II^IU+3 -< ll</'l|s+2+ ||/^||s+2, 
h2 -< ||</'||s+2+ ||/^||s+2- 



en 



Proof. Substitution of the expression for F^ix)4' given in Proposition 4.1.12 in the formula for fi 
gives 

fi = dbX + (Po F^(^x) - idbY -^ + £{X, X, 0) 
where (poF and £ are defined as in (4.1.10) and (4.1.11). 
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We first prove that ||X||s+3, 
the hypothesis P(^) = 0, gives 
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|y||s+3, and 1 1 1/^1161+2 are finite. Applying the operator V and using 



(6.2. 



V{ii) = V{dbX - idbY) + V{<P o F) + V{8{X, X, 4))) . 



Since p{X — iY) = 0, it follows that X — iY = V{dh{X — iY)), and solving for X — iY m. the last 
equation, we have: 



(6.2.9) 



X-^Y + V{£{X,X,<t)))=V{^x 



F, 



*(X)j • 



Next we "freeze coefficients" in ( |6.2.9| ). Let Xq - lY^ = X - iY and set VF = T' (//-(/> o F^(Xo)) ^ 
r^i,^(T(i 0)-^)- Then Xq — iYq is the unique solution in r^j„j(r(i g^M) of the equation 



cont\ 



(6.2.10) 



TixSZ) = W iork = s + l. 



We now perform the first of two bootstrapping steps. Notice that (f) and ^ are small in r*+^ and, 
hence, small in F'*^^, and that Xq is also small in F''"^^. Consequently the map Tt^ x ^^ defined for 

then shows that T^ x ^^ defined for k = s -\-2 and that Equation (6.2.10[) 



k = s + 2. Lemma 



6.2.6 



with A; = s + 2 has a unique solution in r^^^(T(i q)-^)- It follows that Xq — iYq is in r^J^j(T(i q)-^-^) 
Lemma 6.2.3| then gives the a priori estimate 



\\XQ-iYo\\s+2 < \\W\\s+2 <\\^i-(t)oF. 



*(Xo) 



-^1 -< ||a^||s+i + 



s+1 



The second bootstrap proceeds as follows. We now know that Xq and (j) are both in r*"*"^ and 
that W = P(/i — (/)o -F,j,(Xo)) is in L^^^. By shrinking e if necessary, we can solve Equation (6.2.10) 
with /c = s + 3 to conclude that Xq — iYq is in ^^^^{T^iq-^M) . Finally, we have X — iY = Xq — iY^ 
with the a priori estimate 

\\X - iY\\s+2. -< II^IU+2 + \\4>\\s+2 ■ 

Finally, since tp = F*(/) — idbY — /x, it follows that ip is in F^'^'^ and satisfies the a priori estimate 



D 



-2 -< ||/^||s+2 + \\4'\\s+2 + ll-'^lls+S + ll^l|s+3 -< ||/"||s+2 + \\(P\\s+2 ■ 

This establishes the a priori bounds, and hence the a priori estimates for F^/x)^ ^ and ip. 



Proof of Theorem \6.1.5[ That F^, Y^ and tp^j, are in the appropriate spaces is an immediate corollary 

> /i. By 



ls+2 



of Theorem 6.2.7, It remains only to show that the map is continuous. 

Choose smooth (pj £ F'^+^(2?e/) and fij G F*+^(2?e/) such that (pj — > cp and /ij 

IMIs+2 

the analysis above, there exist Xj e F^+^^^(rM), Yj e V^'^, and ipj G F''+2(H^) such that the 
contact diffeomorphisms Fj = F^^(^x) £ '^conti-^) satisfy the conditions 

F* (p, - idbYj - ^j , p{x, - iy, ) = , 



with Fi 



F,Y, 



\Yi\\s+2 -< 



fij 



Y, and ipj 



Ip. By the a priori estimates \\F, 



j\\s+2 -< 



t'jWs 



+l + ||^j||s+l, 



Lj||s+:^ ^ ii^ills+i + ll/"ilU+i, and ||?/^j||s+i -< ||(/>j||s+i + ||/Xj||s+i established above, we note, in 
particular, that Fj, Yj, ipj are bounded sequences in F''"'"^, F^+^, and F^"*"^, respectively. Also note 



that, by continuity of composition, Fj 



F and 



together imply (pj o Fj 



oF. 



We now show that the sequences Xj and Yj are Cauchy in F*JJjj(TM). We estimate ||Xj — Xj||s+2 
as follows. Writing 



Hj = db{Xj - i Yj) + (pj o Fj - ipj + £j (see (4.1.10) and (4.1.11)) 
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with Fj = F^,(^x-)i ^j = ^{Xji^Ji'Pj) yields the formula 

lij - m = db{Xj - Xi) - idb{Yj - Yi) - {ipj - ipi) + {(pj o Fj - (pi o F.;) + {£j - £i) . 

Applying the operator V and using the facts V^ipj) = 0, Vdiy{Xj — iYj) = Xj — iYj as above, gives: 

Vifij -fii) = V (4(X, - Xi) - idb{Yj - Yi)) + P((A, o F, - cPi o Fi) + V{£j - £i) 
= {Xj - Xi) - i{Yj - Yi) + V{ct)j o F, - 0, o Fi) + V{£j - £i) . 

Solving for {Xj — Xi) — i{Yj — Yi), we have: 

{Xj - Xi) - i{Yj - Yi) = V{^i, - fii) - V{<l)j o Fj - cl)i o Fi) - V{£, - £-^ . 

We can estimate the s + 2 norm for {Xj — Xi) as follows, using our a priori bound ||Xj||s_|_2 < K 
on the sequence: 

\\Xj — Xi\\s-\-2 + ll^' — ^i||s+2 

-< \\V{flj - fli)\\s+2 + \\r{^j o Fj - 0, O Fi)\\s+2 + \\V{£j - £i)\\s+2 

-< Wnj - ^li\\s+l + ll^j o Fj - (pio Fi\\s+i + \\£j - £i\\s+i 
-< WfXj - fii\\s+i + II {<Pj o Fj - (t>iO Fi) ||s+i 

+ (||X,||,+2 + ||^il|s+2) • \\{^j o Fj - 0, o Fi)||,+i 

+ (||<^j o Fj\\s+l + \\(l)i o Fi\\s+l) ■ \\Xj - Xi\\s+2 

+ (11-^^^113+2 + ||-'^j||s+2) • ll-'^j — -''^ills+l 

+ (ll^ills+l + II-'^jIIs+i) ■ ll^i ~ -^^1118+2 

-< WfJ-j - Aij|U+i + II {4>j ° Fj - (pi° Fi) \\s+i + K \\{(l)j o Fj -4>iO Fi)\\s+i 
+ (ll0ilU+i + ll0ilU+i||-Pj-||s + ll0ilUII-Pj-||s+i) • ll-'^i - -'^jIU+2 

+ (ll</'j||s+l + ||0i||s+l||-^«l|s + ll'Ai||s||-^i||s+l) ■ ll^i ~ -^^4115+2 
+ K \\Xj — Xj||s+1 + C \\Xj — Xi\\s+2 

■< W^ij - lii\\s+i + ||0j o Fj - 0i o Fi\\s+i 
+ K {\\{<l)j o Fj - 0, o Fi)\\s+i + ||X, - Xi\\,+i) + C\\Xj - Xi\\s+2 

For ||(/)||s+i, ||;u||s+i sufficiently small (that is for C sufficiently small), we can absorb the last term 
on the right hand side to obtain an a priori estimate on the sequence: 

ll-'^j — -^i||s+2 -< \\^^j — ^^i\\s+l + II {(pj ° Fj — 0i o Fj) ||s+i + ||Xj — Xj||s+i ; 

\\^{Xj)-^{Xi)\u+2 ^ ||x, -Xj||,+2 

-< WfJ-j - f^i\\s+i + II {<Pj o Fj - (f)iO Fi) \\s+i + \\Xj - Xi\\s+i ; 

11^- - ^i||s+2 -< ll/Wj - /ii||s+l + II ((/>j O Fj - (piO Fi) ll^+i + \\Xj - Xi\\s+l . 

Using the facts that (pj o Fj , fij ,and Xj are Cauchy in F'^^^, we have that Xj and Yj are Cauchy 
in F'*+2 and that Xj -^ X and Yj -^ Y in F''+2. 

Bootstrapping one more time, using the facts that cpj o Fj , fij ,and Xj are Cauchy in F'*"'"^, we 
have that Xj and Yj are Cauchy in F'*"'"^ and that Xj — )■ X and Yj ^ Y in r*"*"^. This establishes 



continuity of the map in Theorem 6.1.5 and completes the proof of the theorem. D 
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